Let K be a finite tamely ramified extension of Q p and let L/K be a totally ramified (Z/p n Z)-extension. Let π L be a uniformizer for L, let σ be a generator for Gal(L/K), and let f (X) be an element of
Introduction
Let p be a prime and let Q p denote the p-adic numbers. In what follows all extensions of Q p are contained in a fixed algebraic closure Q alg p of Q p . Let K be a finite extension of Q p with ramification index e, let Ø K denote the ring of integers of K, and let P K denote the maximal ideal of Ø K . Let L/K be a totally ramified cyclic extension of degree p n and let 1 ≤ a ≤ ep n . Then the residue field k = Ø K /P K of K may be identified with a subring of Ø L /P a L using the Teichmüller lifting. Let σ be a generator for Gal(L/K) and let π L be a uniformizer for L. Then there is a unique h
. The aim of this paper is to prove the following: Theorem 1.1 Let p > 3 and let K be a finite tamely ramified extension of Q p with ramification index e. Let L and L ′ be extensions of K satisfying the following conditions:
1. L/K and L ′ /K are totally ramified (Z/p n Z)-extensions.
There are generators
The function ψ L/K : [−1, ∞) → [−1, ∞) and its inverse φ L/K are the Hasse-Herbrand functions of higher ramification theory. The basic properties of these functions can be found in Chapters IV and V of [6] for the Galois case, and in the appendix of [2] for general separable extensions. We will make frequent use of the formulas
It follows from class field theory that the third condition in Theorem 1.1 is satisfied whenever K contains no primitive pth roots of unity. In any case, it is sufficient for this condition to be satisfied by either L/K or L ′ /K. If neither of L/K, L ′ /K is contained in a Z p -extension, we still have the following result: Suppose K/Q p is unramified. Then m = n−1 and the third condition in Theorem 1.1 is automatically satisfied. Furthermore, any automorphism of Q alg p which induces the identity on k also induces the identity on K and hence maps L onto itself. Therefore we get a simpler version of the theorem in this case. Our proof of Theorem 1.1 is motivated by Wintenberger's proof of [7, Th. 1] , but uses Deligne's theory of extensions of truncated valuation rings in place of the field of norms. In Section 2 we present a slightly modified version of Wintenberger's theorem and use it to prove a result which is related to Theorem 1.1. In Section 3 we give an outline of the theory of truncated located rings based on [2] . In Section 4 we prove a version of Theorem 1.1 for cyclotomic extensions. In Section 5 we use this special case to prove the theorem in general, and show how the same methods can be used to prove Theorem 1.2. In Section 6 we use a variant of Theorem 1.1 to study the field extensions generated by periodic points of a p-adic dynamical system.
The field of norms
In [7] Wintenberger proved a remarkable correspondence between power series over fields of characteristic p and Z p -extensions of local fields. Theorem 1.1 may be viewed as a finite-level version of a part of this correspondence. In this section we describe the connection between Wintenberger's results and Theorem 1.1.
We begin by recalling the construction of the field of norms in a special case [8] . Let L 0 be a local field, i. e., a field complete with respect to a discrete valuation which has finite residue field. Let the residue field k of L 0 have characteristic p and let L ∞ /L 0 be a totally ramified
n , let Ø n denote the ring of integers of L n , and let P n denote the maximal ideal of Ø n . Set r n = ⌈(p − 1)i n /p⌉, where i n is the unique (upper and lower) ramification break of the (Z/pZ)-extension L n+1 /L n . It follows from [8, Prop. 2.2.1] that the norm N L n+1 /Ln induces a ring homomorphism N n+1,n from Ø n+1 /(P r n+1 n+1 ) onto Ø n /(P rn n ). The ring A L 0 (L ∞ ) is defined to be the inverse limit of the rings Ø n /(P rn n ) with respect to the maps N n+1,n . Since
We define a compatible sequence of uniformizers for L ∞ /L 0 to be a sequence (π n ) n≥0 such that π n is a uniformizer for L n and N L n+1 /Ln (π n+1 ) = π n for every n ≥ 0. Let
, and for each n ≥ 0 let ω n be a lifting of ω n to Ø n . It follows from [8, Prop. 2.3.1] that for each n ≥ 0 the limit
exists and depends only on (ω n ). Furthermore, (π n ) is a compatible sequence of uniformizers for L ∞ /L 0 such that π n ≡ ω n (mod P rn n ) for all n ≥ 0. This construction gives a bijection between the set of uniformizers for X L 0 (L ∞ ) and the set of compatible sequences of uniformizers for
where we identify k with a subring of Ø n /P rn n using the Teichmüller lifting. If n ≥ 1 we may apply N Ln/L n−1 to (2.2). Since N n,n−1 is a ring homomorphism and Gal(L n /L 0 ) is abelian we get
where
Let A(k) denote the set of power series in k[[X]] whose leading term has degree 1. Then A(k) with the operation of substitution forms a group. The subgroup of A(k) consisting of power series with leading term X is the Nottingham group [1] . Let Γ (πn) L∞/L 0 denote the subgroup of A(k) consisting of power series of the form Xg σ (X) that arise from elements σ ∈ Gal(L ∞ /L 0 ) using the compatible sequence of uniformizers (π n ) for
′ such that τ induces the identity on k and τ (K) = K ′ . In this case we write 
Proof: Since lim n→∞ r n = ∞, the map Φ is continuous. In order to show that Φ is onto we choose [Γ] ∈ G(k). By [7, Th. 1] there is a totally ramified Z p -extension L ∞ /L 0 of local fields with residue field k and a field isomorphism f :
Let ω be the automorphism of k induced by f and let Ω be an automorphism of the separable closure of
which maps (π n ) to (π ′ n ) and induces the identity on k. It follows from [7, Th. 2 
Let L 0 be a finite extension of Q p with residue field k. We define Z(L 0 ) to be the subspace of 
for some m ≥ 1 and some compatible sequences of uniformizers
Truncated valuation rings
In this section we give an overview of Deligne's theory of extensions of truncated valuation rings. For more details see [2] . Define a category T whose objects are triples (A, M, ǫ) such that:
A is an Artin local ring whose maximal ideal m A is principal and whose residue field is finite.
2. M is a free A-module of rank 1.
3. ǫ : M → A is an A-module homomorphism whose image is m A .
, where r is a positive integer, µ : A 1 → A 2 is a ring homomorphism, and η :
is an A 1 -module homomorphism. These must satisfy µ • ǫ 1 = ǫ ⊗r 2 • η, and the map
induced by η must be an isomorphism of A 2 -modules. Let S 3 = (A 3 , M 3 , ǫ 3 ) be another element of T , and let g = (s, ν, θ) : S 2 → S 3 be a morphism. Then the composition of g with f is defined to
, and f is an isomorphism if and only if r = 1, µ is an isomorphism, and η is an isomorphism. Let f = (r, µ, η) and g = (s, ν, θ) be morphisms from S 1 to S 2 , and let c be a positive integer. We say f and g are R(c)-equivalent, or f ≡ g (mod R(c)), if r = s, µ and ν induce the same map on residue fields, and
for all x ∈ M 1 . Let f = (r, µ, η) : S 1 → S 2 be a T -morphism. We say that (S 2 , f ) is an extension of S 1 if length(A 2 ) = r · length(A 1 ). We often denote the extension (S 2 , f ) of S 1 by S 2 /S 1 . Let (S 2 , f ) and (S 3 , g) be extensions of S 1 . A morphism from (S 2 , f ) to (S 3 , g) is defined to be a T -morphism h :
Let K be a local field and let e be a positive integer. Define the e-truncation Tr e (K) of K to be the triple (A, M, ǫ) consisting of the ring A = Ø K /P e K , the A-module M = P K /P e+1 K , and the A-module homomorphism ǫ : M → A induced by the inclusion P K ֒→ Ø K . It is clear that Tr e (K) is an element of T . Conversely, every element of T is isomorphic to Tr e (K) for some finite extension K of Q p and some e ≥ 1 (cf. [2, 1.2]).
Let K and L be local fields, let σ : K → L be an embedding, and let r be the ramification index of L over σ(K). Define a morphism
The following proposition shows that all extensions of Tr e (K) are produced by this construction.
Proposition 3.1 ([2, Lemme 1.4.4]) Let K be a local field, let e ≥ 1, and let
(T, f ) be an extension of Tr e (K), with f = (r, µ, η). Then there is a finite extension L/K such that (T, f ) ∼ = (Tr re (L), f L/K ). Let d ≥ 0 be real, let L/K be a
finite extension of local fields, and let
denote the category whose objects are finite extensions of K which satisfy condition C d , and whose morphisms are K-inclusions.
Let S ∈ T , let (T, f ) ∈ ext(S), and let L/K be a finite extension of local fields
This definition is independent of the choice of L/K. One can associate ramification data to the extension T /S. In particular, the HasseHerbrand functions φ T /S and ψ T /S are defined. It follows from [2, 1.
′ be an extension which is isomorphic to T /S. Then the Hasse-Herbrand functions of T ′ /S ′ are the same as those of T /S, and T ′ /S ′ satisfies condition C d if and only if T /S does. Let S ∈ T . We define a category ext(S) d whose objects are extensions of S which satisfy condition 
e which are induced by i ′ and i • σ. Since j gives an isomorphism between these extensions, by Theorem 3.2 there is a unique isomorphism γ :
Recognizing cyclotomic extensions
Before proving Theorem 1.1 we first prove the following result, which may be viewed as a special case of the theorem. 
m , where
is well-defined. The proof of Proposition 4.1 depends on the following lemma:
The proof of Lemma 4.2 uses the following result, which follows easily from Proposition 8 in Chapter V of [6] .
Proposition 4.3 Let M/E be a finite extension of local fields which is Galois and totally ramified. Let d be a positive integer and let x, y be elements of
Ø × M such that x ≡ y (mod P ψ M/E (d)+1 M ). Then N M/E (x) ≡ N M/E (y) (mod P d+1 E ).
Proof of Lemma 4.2:
Since E/F is totally ramified and p ∤ e 0 we can write α = 1 + cπ
Let T ⊂ E denote the fixed field of ρ s . Then by (4.3) the smallest lower ramification break of E/T is at least (p − 1)e 0 . It follows that ψ E/T (e 0 ) = e 0 , so by (4.4) and Proposition 4.3 we get
Since both sides of (4.2) depend only on the congruence class of t modulo sp m , we may assume e 0 p m ≤ t < (e 0 + s)p m . Let β be an element of E such that v E (β) = t, and set κ = βδ −1 . Then by (4.6) we have
as κ ranges over all elements of E with v E (κ) = t 0 . It follows from Sen's argument in [5, p. 35 ] that g(t 0 ) is equal to the ramification number v E (ρ t 0 (π E )π
. It follows that g(t 0 ) < e 0 p m for 0 < t 0 < sp m . Hence by (4.8) we get g(t 0 ) = f (t 0 + e 0 p m ) for 0 < t 0 < sp m . This proves the lemma for all t such that e 0 p m < t < (e 0 + s)p m . It remains to prove the lemma for t = e 0 p m . For e 0 p m ≤ t < (e 0 + s)p m let β t be an element of E such that v E (β t ) = t and v E ((ρ − d)β t ) is maximized. Let Λ denote the Ø F -lattice spanned by the β t . Then Λ is an ideal in Ø E , and hence (ρ − d)Λ is contained in Λ. It follows from the maximality of
(4.9)
It follows that
Since the characteristic polynomial of the F -linear map ρ :
. Therefore we have
Solving for f (e 0 p m ) in terms of the known values of f (t) gives f (e 0 p m ) = e 0 (p m+1 − 1), which completes the proof.
Proof of Proposition 4.1: It follows from the hypotheses that
and hence
. Then by (4.15) we get 
which implies
Dividing by sp i and using the fact that s divides p − 1 we get
The minimum value of right hand side of (4.
holds for all t such that f (t) > 0. If f (t) = 0 then by (4.16) we have 
by defining p vp(0) = 0 we get
By comparing (4.21) with (4.26) we conclude that w ≥ gsp m + e 0 p m , where g is the integer defined in (4.1).
Let ξ = ζ j ; then v E (α−ξ) ≥ gsp m +e 0 p m > e 0 . It follows that v E (ξ−1) = v E (α−1) = e 0 , so ξ is a primitive p m+1 th root of unity. If n > e 0 (p m+1 + p m − 1) then g > 0, and hence v E (α − ξ) > e 0 p m . Therefore by Krasner's Lemma we have 5 Proof of Theorem 1.1
Let 1 ≤ a ≤ ep n and 1 ≤ m ≤ n. To prove Theorem 1.1 we first show that the conclusion to the theorem holds whenever a and m satisfy certain inequalities, which are specified in Theorem 5.1. We then show that the particular values for a and m given in Theorem 1.1 satisfy these inequalities. The arguments in this section are motivated by an interpretation of the hypothesis h
π L ′ as a congruence modulo X a+1 between power series over k. Our first step is to replace the fields K, L, L ′ with cyclotomic extensions in order to obtain a congruence modulo a higher power of X.
Let ζ ∈ Q alg p be a primitive p m+1 th root of unity and set M = L(ζ). Then M/K is an abelian extension whose Galois group may be identified with a subgroup of Gal(L/K) × Gal(K(ζ)/K). Let w denote the residue class degree and sp m the ramification index of K(ζ)/K. Then the ramification index of M/L is equal to sp t for some 0 ≤ t ≤ m. Let F/K be the maximum unramified subextension of M/K and let E/K(ζ) be the maximum unramified subextension of M/K(ζ). Then E/F is a totally ramified cyclic extension of degree sp m , and M/E is a totally ramified cyclic extension of degree p n+t−m (see Figure 1 ). Since K, L, and L ′ all have the same residue field k, there is a unique k-linear ring isomorphism µ : )e. Suppose that y is the jth upper ramification break of L/K, and let z = ψ L/K (y) be the corresponding lower break. It follows from class field theory that for j ≤ i ≤ n the ith upper ramification break of L/K is y + (i − j)e. Therefore for j ≤ i ≤ n the ith lower ramification break
By combining these isomorphisms we get an isomorphism
The largest upper ramification break u L/K of L/K is equal to y + (n − j)e. Since y ≤ (1 + Also set r = q + e 0 (p m+1 − 1). Note that the integers t, q, r and the fields M, E all depend on m.
Theorem 5.1 Theorem 1.1 holds for any a, m such that
. It follows from Proposition 3.1 that this extension comes from an extension of L ′ . More precisely, there is a finite extension M ′ /L ′ and an isomorphism
and Tr a (L ′ ) induced by f γ and f σ t . It follows from the formula
It follows from the definition of f ′ γ that γ ′ and γ induce the same automorphism of Tr c (M ′ ). Since γ ′ is uniquely determined by γ the map γ → γ ′ is a group homomorphism. If γ lies in the kernel of this homomorphism then σ ′ t = 1, and hence σ t = 1. Therefore γ ∈ Gal(M/L). Since M/L satisfies condition C a this implies γ = 1.
It follows from this lemma that M ′ /K is Galois, and that the map 
, and hence that
Furthermore, since δ = ρ(γ)/γ and δǫ
14)
The lower ramification breaks of M/E are bounded above by .7) is less than c. Let E ′ be the subfield of M ′ fixed by ρ ′ . Then the isomorphism between Gal(M/E) and Gal(M ′ /E ′ ) induced by (5.10) respects ramification filtrations, and hence ψ M ′ /E ′ = ψ M/E . It follows from (5.6) that ψ M ′ /E ′ (r) = ψ M/E (r) < c. Therefore by (5.15) and Proposition 4.3 we get
It follows from Proposition 4.1 that
Therefore by (5.11) and (5.5) we get
Let ω be the unique element of Gal(Q p (ζ)/Q p ) such that ω(ξ) = ζ, and setq = ⌊q/e 0 ⌋. Since Z p [ζ] is the ring of integers of Q p (ζ), it follows from (5.19) that
We have u M 0 /K = (m − 1)e + y if j = 1 and y > e, and u M 0 /K = me otherwise. It follows that u M 0 /E is at most Since the ramification index e 0 of E/Q p (ζ) is relatively prime to p, this implies that
which is less thanq. Therefore M 0 /Q p (ζ) and
we see that 0 (γ 0 ) is uniquely determined by γ 0 . It follows from (5.11) that
Thus by (5.26) and (5.27) we get
It remains to show that the values of a and m specified in Theorem 1.1 satisfy the inequalities in Theorem 5.1. We prove this in the following two lemmas. The first of these lemmas, which is stronger than needed to prove (5.5), will also be used in the proof of Theorem 1.2.
2 th roots of unity, by class field theory the degree 
These isomorphisms are Galois-equivariant and induce the p-Frobenius map on k. Let σ n−1 denote the restriction of σ to L n−1 , and set
. By applying the arguments used to prove (2.4) to (5.48) and (5.49) we get
Since m ≥ 2 we have j ≤ n − 2, so y is the smallest upper ramification break of L n−1 /K which exceeds 
It follows from (5.47) that l > e(p n−1 −p n−2 ). Therefore (5.53) follows from Lemma 5.3. By (5.2) we have
Using (5.47) and the inequality z ≤ ep j /(p − 1) we deduce that ] denote the reduction of u(X) modulo P K . It follows from our assumptions that u(X) is an element of the group A(k) which was defined in Section 2. We define the depth of h(X) ∈ A(k) to be the degree of the leading term of (h(X) − X)/X; the depth of h(X) = X is taken to be ∞. For n ≥ 0 let i n denote the depth of u
•p n (X). Then i n + 1 is equal to the number of solutions in P to the equation u
•p n (X) = X, counted with multiplicity. Let Γ be the closed subgroup of A(k) generated by u(X) and let n ≥ 0 be such that u
•p n (X) = X. We define the nth lower ramification break i n of Γ to be the depth of u
•p n (X); this definition is independent of the choice of generator u(X) for Γ. The upper ramification breaks of Γ are defined by the formulas b 0 = i 0 and b n − b n−1 = (i n − i n−1 )/p n for n ≥ 1. The b n are integers by Sen's theorem [5] . Suppose now that Γ is infinite, so that Γ ∼ = Z p . It follows from Theorem 2.1 that there is a local field L 0 with residue field k, a totally ramified Z p -extension L ∞ /L 0 , and a compatible sequence of
. The extension L ∞ /L 0 is determined uniquely up to k-isomorphism by Γ. By [8, Cor. 3.3.4] the ramification data of the extension L ∞ /L 0 is the same as the ramification data of Γ. We define the index of Γ to be the absolute ramification index of L 0 ; if L 0 has characteristic p then the index of Γ is ∞. 
The rest of this section is devoted to proving Theorem 6.1. Let l be the extension of k of degree d! and let F be the unramified extension of Q p with residue field l. We define E to be the compositum of all totally ramified extensions R/F of degree d!e. The following lemma summarizes some well-known facts about E. It follows from this lemma that E is an extension of K with ramification index d!, and hence that E/K is tamely ramified. We will see below that [E(α) : E] = p n . Thus when the hypotheses of Theorem 6.1 are satisfied the special fiber u(X) of u(X) carries a large amount of information about the field extensions generated by periodic points of u(X).
As above we let (i n ) and (b n ) denote the lower and upper ramification sequences of Γ. By class field theory we have b 0 ≤ (1 + We also have b 0 ≥ 1 > d/(p − 1). Therefore by class field theory b n = b n−1 + d and i n = i n−1 + dp n for all n ≥ 1. Since p > e/(p − 1) we have
as long as n ≥ 2 and a p 0 = 1. For the remainder of this section we assume without loss of generality that n ≥ 3. It follows from [3, Cor. 2.
Using [3, Prop. 2.3] we see that if α is a zero of u •p n−1 (X) − X then α is not a zero of q n (X). Therefore the periodic points of u(X) with period p n are precisely the zeros of q n (X), and the number of periodic points of u(X) of period p n , counted with multiplicity, is equal to the Weierstrass degree i n − i n−1 = dp n of q n (X). If a p 0 = 1 then by (6.2) the constant term of q n (X) has p-valuation 1. If a p 0 = 1 then this still holds, since the constant term of q n (X) is equal to p in this case.
Let α be a periodic point of u(X) with period p n and let M/K be the Galois closure
and let σ 1 , . . . , σ h be coset representatives for G/H. The polynomial
and has distinct roots, all of which are zeros of q n (X). Therefore f (X) divides the Weierstrass polynomial of q n (X), and hence the constant term c of f (X) is an element of P K which divides p. It follows that c has p-valuation s/e for some 1 ≤ s ≤ e. Since each of the hp n roots of f (X) has the same p-valuation as α, we have v p (α) = s/ehp n . (It will follow from Lemma 6.3 below that v p (α) = 1/dp n . Therefore for n ≥ 3 the periodic points of u(X) with period p n all have the same valuation.) For each 1 ≤ j ≤ h the set B j = {u
•i (σ j (α)) : 0 ≤ i < p n } is a block for the permutation representation of G acting on the roots of f (X). Let N be the kernel of the action of G on the set of blocks, let T be the fixed field of N, and let U/K be the maximum unramified subextension of T /K. Since Gal(T /K) ∼ = G/N is isomorphic to a subgroup of S h , and h ≤ d, both [T : U] and [U : K] divide d!. Therefore T is an extension of Q p whose absolute ramification index divides d!e and whose residue field is contained in l. Hence by Lemma 6.2(b), T is contained in E.
For each τ ∈ Gal(M/T ) there is i ∈ Z/p n Z such that τ (α) = U •i (α). Hence T (α)/T is Galois, and Gal(T (α)/T ) can be identified with a subgroup of Z/p n Z. It follows that E(α)/E is also Galois, with Gal(E(α)/E) isomorphic to a subgroup of Gal(T (α)/T ). Since the ramification index of E/Q p is d!e, the E-valuation of α is t/p n , where t = (d!/h) · s is relatively prime to p. It follows that [E(α) : E] ≥ p n , and hence that Gal(E(α)/E) ∼ = Z/p n Z. Since the absolute ramification index of T divides d!e and the residue field of T is contained in l, there is a totally ramified extension R/F of degree d!e such that R contains T . Then E(α) is an unramified extension of R(α), so the R(α)-valuation of α is t. Therefore we can write α = ζπ t , where ζ ∈ F is a root of unity whose order is prime to p and π is a uniformizer for R(α). Let K l = F K be the unramified extension of K with residue field l and let τ ∈ Gal(E(α)/E) satisfy τ (α) = u(α). Then τ (π) = v(π), where v(X) is the unique element of Ø K l [[X]] with leading term X such that ζv(X) t = u(ζX t ).
Lemma 6.3
The absolute ramification index d!e of E is equal to td.
Proof: Let Γ ′ ∼ = Z p be the closed subgroup of A(l) generated by v(X). Then the lower ramification breaks of the extension E(α)/E which are less than d!p n (the ramification index of E(α)/K l ) are the same as the lower ramification breaks of Γ ′ which are less than d!p n . It follows from the definition of v(X) that the ramification breaks of Γ ′ are t times the ramification breaks of Γ. Therefore the first two lower ramification breaks of Γ ′ are ti 0 and ti 1 = ti 0 + tdp. Using the inequalities s ≤ p − 1 and i 0 ≤ d ≤ p − 2 we deduce that ti 0 + tdp < d!p 3 . Therefore the first two lower ramification breaks of E(α)/E are ti 0 and ti 0 + tdp, and hence the first two upper ramification breaks of E(α)/E are ti 0 and ti 0 + td. Since ti 0 + td < p · ti 0 , it follows by class field theory that the absolute ramification index of E is td. The map x → x p is an automorphism of the group of roots of unity of F . The inverse of this automorphism is denoted by raising to the power p −1 .
Lemma 6.4
There exists a compatible sequence of uniformizers (π j ) for E ∞ /E such that π j = ζ p −jπ t j .
Proof: For j ≥ 1 letπ j ∈ Q alg p be a root of X t −ζ −p −j π j . Letk denote the residue field of E and let E ′ j be the unramified extension of F L j (π j ) with residue fieldk. Since ζ −p −j π j is a uniformizer for F L j , the ramification index of F L j (π j ) over F L j is t. Therefore the maximum tame subextension T j /Q p of F L j (π j )/Q p has ramification index td = d!e and residue field l. It follows by Lemma 6.2(b) that T j is contained in E. Thus by
